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There Are Infinitely Many Prime Twins

R. F. Arenstorf
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Abstract. A proof of the twin-prime conjecture, even in the stronger form of
Hardy and Littlewood, namely that

1

NN ;10gp~1og(p+2) = By >0,
p,g+2 both prime

is presented using methods from classical analytic number theory.

1 Introduction

A natural generating function for the twin-prime problem is the Dirichlet series

T(s):= ZA(n —DA(n+1)n=° (Res>1).

n>3

Here we will show that T'(s) — Ba(s — 1)~! can be continuously extended onto
the line Res = 1, (Th.1). This enables application of the powerful complex
Tauberian theorem of Wiener and Tkehara (1931) and then almost immediately
yields our main result, (Th.2).

The ideas basic to our proof of Th.1 are plain: We are striving to exhibit a
relation between T'(s) and the Riemann Zeta function ¢(s); motivated by a proof
of the Prime Number Theorem along the above lines [where T'(s) is replaced by
[log ¢(s)]" and only ¢(s) # 0 on Res = 1 needs to be known]. Now, T'(s) can
be obtained by a “kind of sieving” from the Dirichlet series of [log {(s)]”, which
leads to the arithmetic formula (2) in Lemma 1 for the “characteristic” function
A(n —1)A(n + 1) of the prime powers with difference 2.

This important formula leads to a representation of T'(s) by a double series
over all odd squarefree m in Z' and over all n in Z* satisfying the quadratic
congruence 4n? = 1 mod m. The number of such n in any interval of length m
is a known multiplicative function of m, which heuristically leads to the above
singular term for T'(s) with, remarkably, the same constant By as made plausible
by the classical circle method of Hardy & Littlewood. But splitting off such a
“main term” and studying the remainder turned out be counterproductive. In
this context a look at some papers of P. Turan [5], [6] is informative.



The individual solutions of the above quadratic congruence can be character-
ized variously using the prime factorization of m, or exponential sums (similar
to Kloostermann’s, say) or Dirichlet characters modulo m; a.o. However, none
of these customary (and mainly implicit) descriptions turned out to be useful
for our purpose. Instead we developed an explicit parameter representation for
these solutions (Lemma 2); by a reduction to pairs of linear congruences. Intro-
ducing this representation essentially converts T'(s) into a quadruple series over
four (controllable) parameters a, ¢, k, £, say; each ranging over the positive odd
integers and jointly subject to the single constraint Cs : af — ck = 2, however.

We enforce Cs as usual by multiplying the terms of T'(s) with an appropriate
trigonometric integral, but we do not then switch this integration with the
quadruple summation. Instead we first modify the integral for C (in essence)
by replacing the cosine function under the integral by the inverse transform of its
Mellin-transform. This yields an absolutely convergent double integral (Lemma
5), and we then switch the two complex integrations with the free quadruple
summation.

It is indicative of the binary nature of the twin-prime problem that an exact
treatment of the resulting (double) integral here is feasible; in contrast to, for
instance, the ternary Goldbach-Vinogradov problem, where the circle method
affords (only) an approximate, yet effective treatment of the relevant integral.
Namely, by design, the quadruple series appearing under the (double) integral
can be “summed in closed form”; i.e. it can be expressed (in simplified descrip-
tion) as

C(w)M" (w, 2)¢(z), where M" (w,z) := ZM(QM) logk{*k~"¢%,  (u,z > 1)
ke,

is a (double) Dirichlet series in two complex variables, which is characteristic
for the twin-prime problem (cf. Lemma 1). Its needed analytic continuation
will be obtained from

2
M"(w,z) = (% + g) (G (w) P(w, 2)G " (2)] with Go(2) == D n~?

nodd

and

P(w, z) := H 1—("-1)"'(p*-1)""] for u>0,2>0 & utz>1.
p>2

This Euler product in two variables converges absolutely and compact uniformly,
so that M"(w, z) is holomorphic in each variable for u > 3/4 & z > 3/4 say,
except at the zeros of ((w)((z). The function M" of two complex variables
replaces here the Dirichlet L-functions with residue characters so prevalent in
analytic prime number theory. For our application it suffices to make use of a
known zero-free region for {(w) of the form

u>1—h(v) with h(v) =cllog(2+[v])]7%, (vinR) and a<1;



we choose a = 4/5 (to avoid factors like loglog(3 + |v]) ), though better choices
are available.

The development outlined so far yields, in essence, a representation of T'(s)
by iterated integrals of Mellin-Barnes type involving besides M (w, z) several
gamma and zeta functions a.o., which is valid primarily for Res > 2. In the
remaining (major) part of this work we construct its analytic continuation to
Re s > 1. The derivations are mainly technical, employ convergence enhancing
tools and are concerned with demonstrating existence of (up to 3-fold) iterated
contour integrals. These parameter-dependent integrals (with movable singular-
ities in their integrands) are taken along vertical straight lines, and ultimately
along “zero-free curves” such as Ny, : u = 1 — h(v), (—o00 < v < 00). They
are transformed by decomposition, shifting of contours, picking up residues or
exchange of integrations, etc. For each manipulation an allowable domain for
the variables, to maintain convergence, is determined; while these manipulations
overall are designed to extend the domain of validity of the integral represen-
tations stepwise to their goal. Finally, for the case of an only “conditionally
convergent” twice iterated integral occurring in our Main Lemma, a (lengthy)
series of very detailed careful estimates is given to establish its actual conver-
gence.

This work is the outcome of about twenty years of “on and off” search and
research on this and the related binary Goldbach problem; in the interim having
been lured onto various misleading paths or frustrated by (for me) insurmount-
able difficulties, before ultimately recognizing and constructing a workable ap-
proach.

2 The Characteristic Euler Product

Let
T(s):= Z An—=DAn+1n"° (Res>1)
n>3
and
By=2][[1-(»—1)?] ~ 1.320, (1)

where A(+) is the von Mangoldt function and Bz the Twin Prime Constant.

Theorem 1 The function Ti(s) := T(s) — B2/(s — 1) on Re s > 1 has a
continuous extension to Ne s > 1; i.e. limy 1 Ti(0 +it) =: fi(t) uniformly for
t € [-T,T) and every T > 0.

A proof of this theorem will be supplied in what follows; it requires several
auxiliary results which we derive at first.



Lemma 1 Forevenn > 3:

An—=1)An+1) = % Z u(m)log® m. (2)

m|n2—1

Namely, with u(-) denoting the Mobius function,

> A(m)A(n) = A(k)logk + > p(m)log*m (k> 1),

mn=k m|k

as follows by a simple calculation from

A(n) ==Y pu(d)logd & Y A(d)=logm.

d|n dlm
Now taking k = ac with a > 1,¢ > 1 & (a,c¢) = 1, we have

> Am)A(n) =2A(a)Ac) & A(k)=0

mn=k

and choosing a =n — 1,¢ =n + 1 implies (2).
We also need a special parameter representation for the solutions of a quad-
ratic congruence:

Lemma 2 Let m € ZT be odd and squarefree. The even numbers n € Z+
satisfying n? = 1 mod m are represented exactly once by the expression

n = (al + ck),

when a, ¢, k, £ vary over all odd integers in Z™T satisfying k¢ = m and al—ck = 2.
Proof: 1.) Let m have r prime factors. There are exactly 2" distinct solutions
r=xz;inZ (j=1,...,27) of 42> = 1 mod m & 1 < z < m, since m
is squarefree; and so the numbers n of the lemma are given exactly by n =
2z +2hm, (j=1,...,2";h=0,1,2,...).

2.) Let k be a divisor of m and ¢ := m/k. Then (k,¢) = 1, and since also
(2,k) = (2,£) = 1, there exist a unique b € Z with

2b=1mod k, 2b=—-1mod /¢ & 1<b<m.
Then
204+1=uagl, 2b—1=cok & 4b*> =1+ agcom =1 mod m

with odd ag,co in ZT and agl — cok = 2. Hence by 1.) b = x; for a unique
j=3j(k), (1 <j(k)<2m). Also

(2z; —1,m) = (cok,Lk) =k for j = j(k), since (co,?) = 1.



Now m has exactly d(m) = 2" (distinct) divisors k, and so the associated 2"
numbers z; for j = j(k) are all distinct. This implies by 1.) that the index
j(k) assumes every (integral) value j in 1 < j < 2" exactly once, when k runs
through the divisors of m.

3.) Select k & ¢ with k¢ = m. Then by 2.) for j = j(k), we have

2z = %(aof +cok) & aol — cok =2 with odd ag,co in ZT.
Now all odd a,c in Z* satisfying af — ck = 2 are given by
a=uag+2hk & c=cy+2hf{ with h>0in Z,
since (k,¢) =1 and cok =2b—1 < 2m — 1 < 2k¢ implies ¢y < 2¢. Then
n:= 3(al + ck) = 1(aol + cok) + 2hm = 2z; + 2hm € Z*, (h > 0)

is even, satisfies n? = 1 mod m, and is represented as stated in the lemma
(with af — ck = 2;a,c odd in Z"). When now k runs through the divisors of m
we obtain by 2.) every n listed under 1.) exactly once. This proves Lemma 2.
O

Corollary Let h(n) € C be defined for n € Z+ and u(2m) # 0, then

OEEDS Zoh(M;Ck>, were 37" means 3

n>1, even k|m a,c a>0,o0dd
(3)

n2=1modm (=m/k) a€—ck=2

if the first series is abs. conv. (= absolutely convergent).

Next we introduce the function M (w, z) by the abs. conv. series

M(w,z) =3 plm) 3 k70 =3 pkOk ™07 foru>1,2>1 (4)
m kl=m k.0

(w=wu+1iv, z = +iy) and extend it analytically by the following calculation

Mwz) = Y p(k)u(Ok™e

kL
(k,0)=1

S uk ke S u(d)

k.0 d|k,d|e

= S @ u kDS e ayed)
d k’ e

= Y HAdTTE Y kT Y (0
d k ¢

(k,d)=1 (£,d)y=1

= S u@a I [ -p ™) —p )]

d p/i/Qd



M) -2 =27
S udd I -p )]

d pld
= Co_l(w)go_l(z)P(w,z), (5)
where R
Go(2) = (1=27%)C(z) = Y _ k™7
k
and the Euler product
o B pfwfz
P =11 |1~ == )

p>2

is abs. conv. on u,x >0 & u + x > 1 and so a holomorphic function of w & z
there, and ((-) is the Riemann Zeta function. Hence M (w,z) is holomorphic
there except at the zeros of {(w)((z). We also need

M"(w,z) := Zou”(m) Z k=ve*? (7)

kl=m

with p”(m) := p(m)log®m, (u,z >1). Then

17 0 0 2 2
M"(w,z) = %4—% M(w,z) =1 DM
= D*GP) = G"P+2G'P'+GP", (7a)

where

G = Gw,z) = (w)¢ (), P:=P(w,z2), P':= DP, P":= D*P etc.
(7b)
and so M" (w, z) is a holomorphic function of w & zonu >0, + >0 & u+z > 1
except at the zeros of ¢(w)((2).

Lemma 3 M(w,z) and M"(w, z) are holomorphic functions of w & z on u >
1 —2h(v) & = > 1 — 2h(y) with h(t) := cllog(2 + [t))]~*/® > 0 for t € R and
c< %1og2 a constant. Also

M" (w, z) < [log(2 + |[v]) - log(2 + |y|)]* there and M"(1,1) = 4Bs.
Proof: It is known that ((w) # 0 and (~}(w) & ¢'(w)¢"1(w) < h™1(v) as
v — £oo and u > 1 — 3h(v), say [as implied by Titchmarsh [4], Th. 3.11 and
p.114]. Setting f(w) := ¢y ' (w) this yields f'(w) < h~2(v) and f”(w) < h~3(v)
for u > 1 —2h(v) and v € R. Since G(w, z) = f(w)f(z) we get

G = (W) f @)+ f(w)f'(2), G" = f"(w)f(z)+2f (w)f(z)+ f(w)f"(2) (7c)



and so G,G',G" < h=3(v)h3(y) < [log(2 + v) - log(2 + y)]3, (v,y > 0) amply.
Also h(t) < § for t > 0 gives u > 3/4 & = > 3/4 in the above domain for w &
z, and so P, P’, and P" are bounded there, by (6). Now (7a) yields the stated
estimate for M”. Finally, since (p(w) has a simple pole at w = 1 with residue
1/2, we get

f(1)=0, f(1)=2, andso G(1,1)=0=G'(1,1) & G"(1,1) =8
from our preceeding formulas, and then M"”(1,1) = 8P(1,1) = 4B; by eqgs. (6)

and (1); completing the proof of Lemma 3. O
Lemma 4 Let C(w) := * fo (14 cost)t=™ dt for u < 1. Then also
n—w ~
C(w) ' il 7 YC(w) (say)

and C(w) + 5}4 is holomorphic on u < 3; and C(w) < |[v|™3 for |u| < 3 &

lv| > 1.

Proof: Inserting the power series of cost and integrating termwise gives the
first part of the statement. And three partial integrations yield
1 g -1 g
mC(w) = —— t'"Vsint dt = —/ t2~W costdt for u < 3
1—w Jy (1I—-w)(2—-w) Jy
1

a3 — /F 3w sintdt) for u < 5,
(I-w)(2-w)(3-w) ( 0

showing poles at w = 1 & w = 3 (but not at w = 2, where C(w) is holomorphic).
Then for |u| <3 & |v| >1

3
|C(w)] < 37°(1 4+ 7) - H |k —ul+ [v])7! < 137° - o] 73 qed.
k=1

Alternatively,
1
Clw) = / (1 —cosmz)(l —x) dx
0
7 e (_1)717.‘.271
= —;WB@n—l-l,l—w), (u<1)
_ i (im)?"T(1 — w)
- ZT(l-w+2n+1)
00 2n
= =) (@@ JJk+1-w)™t < |07
n=1 k=0

O
We mention that a more natural definition of C(w) without the 1 under the
integral would yield C(w) < |v|~! only, which is too weak for our applications.



Lemma 5 Let

1 us
E(z,y) := —/ (1 + cost)cos[(x — y)t]dt for x>0,y > 0. (8)
T Jo
Then also
E(z,y) = / I‘(w)x*wdw/ L(@)y “C(w + @) cos [Z(w — b)] did
(—3/4) (1/2)

+/ I'(w)y ™ C(w) cos T duw,
(1/2)

where the individual integrals and the iterated integral are abs. conv.. Here and
in the following our notation means

* 1 a+ico [e%e}
/ fw)dw := o (w)dw & abs. conv.; i.e./ |f(a+iv)|dv < co.

(a) T Ja—ioco —o0
(9)

Proof: We have for x € R

e =1 +/ D(w)(iz) Ydw with (£i)7% = eFim/2 « emlvl/2,
(=3/4)

e e = 1+ /(—3/4) T (w) [(iz) ™" + (—iy) "] dw

’ /(_3/4) /(—3/4) P(w)I'(@)(iz) ™ (~iy) " dwdw

for z,y € R; and also the double integral is abs. conv. So for z,y > 0

cos(x —y) = 14 / I'(w)(z™" +y~*) cos Tdw
(=3/4)

+/ / I(w)D (@) ~y ™™ cos (3 (w — )] dwdib.
(=3/4) J(=3/4)
Now with Lemma 4, by abs. conv. of all occurring integrals

E(z,y) = C(0)+ /(;/4)I‘(w)(x_w +y")C(w) cos Trdw

+/ I‘(w)xfwdw/ T(@)y~“C(w + 1w) cos [Z(w — w)] d
(—3/4) (=3/4)

and this yields the stated representation of F(z,y) by shifting the line of inte-
gration of the last (inner) integral to the right over the pole @ = 0 and then
doing the same with the remaining single integral. This is justified using
D(w) < |o[*=2e= ™2 C(w) <[] for —2<u<3 & Jv|>1
and cos & < erlvl/z, (10)



and so

/ /~ T (w)L(@)C(w + W) cos [ 5 (w — )] | dvdd
(—=3/4) J (@)
< / / (1 + [o))=41 + [8)) "2 (1 + |v + 8]) " 2dvdd

< / (1+ o)™ dv / (1+[t))3dt < oo for —3/4 <@ < 1/2,(10)

— 00 — 00

which implies the abs. convergence of all double integrals and then of all iterated
and single integrals involved in this calculation; proving Lemma 5. O

3 Transformation of the Generating Function

We now introduce the generating function
8) =Y An—1)A(n+1)(n*—1)""e " coshd, (s=o+it; §>0) (11)
n>3

so that by Abel’s Theorem for power series

lim T'(s, §) A(n—DAn+1)(n? —1)"° f >1/2. (12
51{?)(8 ;n (n+1)(n"=1)"% foro >1/2. (12)

Later we use T'(s/2,0), since this differs from 7T'(s) in (1) by a function holo-
morphic on ¢ > 0 (at least). By Lemma 1 and always for § > 0,

T(s,6) = Z (n? —1)"*e " coshd - Z 1 (m) (W' (n) == p(n)log®n)

n>3, even m|n2—1

= —37%2°4"(3)coshd +

Z w’(m) Z (n? —1)"%¢™" cosh d

m>0, odd n>1, even
n2=1modm

= A(s,0) +Z w'(m)R(s,8,m), (say) for o> 1/2, (13)

where by eq. (3) (withn+1=al & n—1=ck) and by abs. conv.

R(s,6,m) = = Z Z alck) ™% [em ™ 4 Ck‘s] (o > 1;m odd)
k;é ™ G- ck 2
= Z Z ac)~* [e=9 4 ¢=ek?) %/ ei¢(1_ae;ck)d¢
kt=m -

m_sz Z ac)™? _““1/ cos ¢ cos [5(al — ck)p| do.(14)

kl=m a,c



Again for odd squarefree m > 0 and o > 1 let now

Ro(s,6,m) = m™° Z Z ac)”*® 7‘1251/ cos [3(al — ck)¢| dp  (15)

ké=m a,c

o
_ m=s E E CLC —s 7a _ E sefhmé
h

ké= ma@ ck 0 ké=m

= m *d(m Z h=25¢="m% " since here (k,¢) = 1 and
h

then af = ck implies a = hk & ¢ = h¢ with odd h > 0 for odd ac, and reverse.
Then in analogy to T'(s,d) in (13) we consider for o > 1/2

2To(s,0) = Z w'(m)Ro(s,8,m) Z w( )m_QSZoh_%e_hm‘S
h
Z k— 25 —kS Z'u// : (16)

m|k

K%To(s/z,s) = Ty(s/2,0) Z k™ mzlku” (0 >1)
= )Y ) = %M’%s,s)co(s)
m h
. 31321 +B(s), (say) (17)

by (7) for w = z = s, and B(s) is holomorphic on ¢ > 1 by Lemma 3.

Combining egs. (14), (15), and (8) we now obtain

Rs(s,6,m) := R(s,6,m) + Ro(s,6,m) =m=* Z Z ac)”%e a“E(a;,%)
ké=m a,c
(18)
and from egs. (13), (16) and (18)

2Ty (s, 8) 1= 2T (s,6) + 2To(s,6) — A(s,6) = > 1" (m)Ra(s,6,m),  (19)

and all these series are abs. conv. for ¢ > 1. Using [with notation from (9)]

*

e = / I(t)x™"dr for z >0 & b > 0 and letting = = ald
(b)
we obtain from (18) by allowed exchange of integration and summations

Ro(s,0,m)=m™*° 5 T(r Z Z (ac)™ TE(%,4) dr, (0>1)

ké=m a,c

10



and then from (19), again by abs. conv. for o > 1, and taking b = 3/2

2T(s,0) = ;5’F<T>Z°u”<m>m5~ S S (ae) S (at) TE (%, %) dr

( kf=m a,c

= / 6~ TI(T)D(s,T)dr (say); (o >1,6>0). (20)
(3/2)

4 Integral Representation of 7'(s, )

Substituting for E(-,-) the two expressions from Lemma 5 in (20) yields
D(s,7) = > w(kOR™TS Ca TR (4 )
k4 a,c
=: Di(s,7)+ Da(s,7) (say), (¢ >1, ReT =3/2) (21)

where then by definition in (7) and with Lo(w, z) = (o(w)(o(2)M" (z,w) for
u,x > 1,

*

Dy (s,7) :/ I'(w)2* C(w) cos 52 Lo(s + 7,5 +w) dw, (0 >1/2, ReT = 3/2)
(1/2)

(21a)
and
DQ(S, T) =
/ I‘(w)2wdw/ D(@)2°C(w + W) cos [2(w — @)] Lo(s + 7 + w, s + @)did,
(-3/4) (1/2)
(21Db)

the exchanges of integration and summations being justified by abs. conv.. Even
the last iterated integral is abs. conv., as follows from the estimation (10"), since
Ly here is bounded on the lines of integration when o > 1/2 & Ret = 3/2.

Introducing
L(w, 2) := Go(w)G2(2)M" (w, 2) with (a(w) 1= 2¢o(w) = (2* — 1)¢(w) (22)

we have
L(w, z) = L(z,w) = 2“7 Lo(w, 2);

and the analytic properties of L(w, z) follow from (5), (6), (7a,b) and Lemma
3. Writing

Ry = {w =u+iv with u > 1—h(v), v € Rand h(v) = c- [log(2 + |v|)]_4/5}

(23)
and N, := OR,, for the boundary curve u = 1 — h(v), (00 < v < o0) of
this domain in the w-plane (and correspondingly R,, N, in the z-plane), then

11



L(w, z) is holomorphic in each variable on {R,,, w # 1} X {R,, z # 1} by (22)
and Lemma 3 and has simple poles at w = 1 and at z = 1 with

(RE%L(w,z) = (G(z)M"(1,2) =: R(z), say (z#1)

Res L(w,z) = R(w) & Res R(w)= M"(1,1) =4Bs. (24)

(2=1) (w=1)

Also, L(w, z) is bounded on the vertical lines Rew = a & Rez = b when
a,b > 1, and so are R(w) & R(z). Observing that

C(z) <yt =2)/2Fe for1/2<a<1 &y>yo>3 (25)
and arbitrarily small € > 0, we obtain with Lemma 3
R(z) < y"W*log®(2 4+ y) < 9> for 1 —h(y) <z <1& y > yo, (26)
and by (10) and (22), for Rew > 1 and fixed s in 1/4 < o < 3/4:
[(z — s)L(w, 2)C(z — s)cos [E(z — 5)] < Yoo T2 (27)

for 1 —h(y) <x<5/4<1+4 0 & y> 1. This is needed for (21a,b).

To achieve the analytic continuation of D(s,7) from (21) & (21a,b) and
thereby of Tx(s,d) in (20), from ¢ > 1 to ¢ > 1/2, we shall perform some
careful calculations of multiple Mellin-Barnes type integrals. First we elaborate
on some implications for iterated integrals of our x notation introduced in eq.

9).

Lemma 6 For suitable functions f, g and h let

F(z):= /Rf(z, w)dv = /Rg(z,w) dv+ h(z) =: G(2) + h(z) (a)

and

/* F(z)dy & /* h(z)dy both exist. (b)
R R

/R* dy/Rf(z,w)dv_/R* dy/Rg(z,w)dv—F/R*h(z)dy. (c)

Proof: (b) means (only) that

[iEGrar= [ an| [ sewyao

and this implies with (a) amply that

Then

<oo & /|h(z)|dy<<>o7
R

[e@ra= [Fe -reyay= [ Fea- [ped @

12



But (c) states more, namely that

/ G(z)dy exists; i.e. /|G(z)|dy<oo,
R

and this also follows from (

/|G |dy—/|F |dy</<|F<z>|+|h<z>|> dy < oo,

Now (d) implies (c). We note that the iterated integrals in (c) need not be abs.
conv. This procedure leading from (a) to (¢) will be applied repeatedly, where
h(z) usually comes from the theorem of residues, and (b) needs to be verified.
O

5 Analytic Continuation of the Integrand

Now from (21a) and (22) for £ = 3/2, [writing 7 = £ + in; i.e. £ = Re7 from
here on| and by use of (24)
227D (s, 7)

= /* F(w)L(s + 7,5 + w)C(w) cos T dw (0 >1/2,§ =3/2)
(1/2)

/(*)F(z— S)L(s +7,2)C(z — s)cos [5(z — s)] dz (z=0+1/2)

= /*same ~dz+T(1=s)R(s+7)C(1 —s)sin %, (1/4 <0 <3/4)(28)

z

after shifting the contour over the pole at z = 1, justified by (27) and Lemma
4; and the last result holds for 1/4 < o < 3/4 (at least). Similar, from (21Db)

225F7 Dy (s, 7) =: /(*3/4) I'(w)Ds(w, s, 7)dw, (o0 >1/2,&=3/2) (29)

where, after substituting @w =z — s and with z =0 +1/2 > 1, on u = —3/4
D3(w7577-)

:/same dz+T(1—s)R(s+ 7+ w)C(w+1—s)sin[Z(w + s)],(29)
N

and this represents a holomorphic function of s on 1/4 < ¢ < 3/4 again. Sub-
stituting the last result into (29) yields

22S+TD2(S,T) =
/ I‘(w)dw/ [(z—s)L(s+7+w,2)C(w+ 2z — s)cos [5(w— z+ )] dz
(=3/4) N
+ D(1 —8)Dy(s,7) (say), (1/2<0o<3/4, £=3/2) (30)

13



where
Dy(s,7) = / D(w)R(s + 7+ w)C(w + 1 — s) sin [ 5 (w + s)] dw
(=3/4)

= / same -dw — R(s+71)C(1 —s)sin &
(1/4)
for 1/4 <o < 3/4 (30a)
by (10), (24) and Lemma 4, which requires u < ¢ for holomorphy of C(w+1—s).

Now we show that the iterated integral in (30) is abs. conv. at least for
1/2 < o0 < 3/4 and £ > 5/4. We use the following known estimate (see
Chandrasekharan[l], p.69) on N.:

((2) < y4h(y)/l°ghil(y) logy forxz>1-h(y) &y >yo>3. (31)

By (10) and Lemma 3 since now 0 + £ +u > £ —1/4> 1 1in (30) and s is fixed,

/ T (w)] dv/ IT(z — s)L(s + 7+ w,2)C(w + z — s) cos [T (w — z + s)] | dy
(=3/4) N.

<« [Qs oo+ ly = o g log 2+ - (1-+ o4y — 6)dy

<</(1 + |v|)*%dv/(1 +1g)Pdg < oo, (1/2<0<3/4,&>5/4) (32)
since here x = 1 — h(y) and for |y| > y1(t) > yo we have
x—o—1
(1+Jy — )" 721¢(2)[ log®(2 + |yl)
< (14 Jy|) M@/ loeh W) 106t (2 4 |y]) < 1
as implied by
h(y) = c-[log(2+ |y)] " & logh™"(y) > £loglog(2 +[y]), |yl > vo.

Therefore Ds(s, ) is represented in (30) also on 1/2 < ¢ < 3/4 as a holomorphic
function of s, when & > 5/4.
Using eqgs. (21), (28), (30) and (30a) we obtain finally

225FTD(s,7) =

/}(2 —$s)L(s+7,2)C(z — s)cos [3(z — 5)| dz
N

+ 1"(1—5)-/* D(w)R(s + 7+ w)C(w + 1 — s)sin [3(w + s)] dw
(1/4)
+ Ha(s,7), (1/2<0<3/4,&>5/4) (33)

14



where from (30)
Hy(s,7) := /* I'(w)Ds(w, s, 7)dw (1/2<0<3/4,§>5/4) (33a)
(=3/4)

with
*

Ds(w, s,T) ::/N I(z—s)L(s+7+w,2)C(w+z—s)cos [5(w—z+s)] dz;

’ (33b)
and we repeat that even the double integral associated with (33a,b) is abs. conv.

6 Analytic Continuation of T'(s, )

We now consider again T (s, ), which is represented in (20) for o > 1. Insert-
ing D(s,7) from (21) and (21a,b) we obtain a representation of T5(s,d) as a
holomorphic function of s on o > 1/2, since D;(s,7) & Da(s,T) are bounded
on o > op > 1/2 and £ = 3/2 independent of ¢ and 1. Then restricting s to
1/2 < 0 < 3/4 we can replace D1(s,7) & Ds(s,T) according to (28) & (30) and
finally their sum D(s, ) according to (33), in (20) and obtain

225+1T2(8, 6/)

/ STTI(1)2*# Y D(s, ) dr (8" :=8/2 > 0)
(3/2)

= Fy(s,0) + T'(1 — s)Fi(s,0) + Fa(s,0), (1/2 <0< 3/4)(34)

where
Fy(s,9) :=
07 "I(T) dT/ I(z—s)L(s+7,2)C(z — s)cos [5(z — s)] dz,  (34a)
(3/2) P
F1 (875) =
07T (7) dT/ D(w)R(s + 7+ w)C(1 +w — s)sin [5(w + )] dw,(34b)
(3/2) (1/4)
Fy(s,0):= | 6 I(1)Ha(s,7)dr, (1/2<0 <3/4) (34c)

(3/2)

with Hz(s,d) from (33a,b). We note that here also the associated double inte-
grals are abs. conv., and so is even the triple integral associated with (34c), as
is visible by using (32); thus allowing s to be also on o = 1/2.

7 The Limit of Fi(s,d) as § \, 0

Next we study the behavior of Th(s,d") as d N\, 0. Since Fy(s,d) will cancel out
later we begin with F} (s, d). Restricting s again to 1/2 < o < 3/4 we can shift
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the contour of the inner integral in (34b) to u = 1/2; [i.e. keeping it to the left
of the pole w = s of C(1 4+ w — s)]. The resulting iterated integral still is abs.
conv. and so

*

Fi(s,0) = /( T, )7 for 0> 12 with (35)
Hy(s, 1) := /* R(s+ 74 w)[(w)C(1 — s +w)sin [5(s + w)] dw.(35a)
1/2)

It follows from the definition of R(z) in (24) and by abs. conv. of the integral
in (35a) that Hq(s,7) is for s on o > 1/2 a holomorphic & bounded function of
7 on the half-plane e = £ > 1/2 — 0. Therefore, when o = 1/2 + 2¢ say, we
can shift the contour in (35) from & = 3/2 over the pole 7 =0 to £ = —e < 0
and obtain

F1(S,5)—/(*)5TF(T)Hl(S,T)dT-l-Hl(S,O), (c=1/2+2¢<3/4) (35b)

and thus
Fi(s) := %i{%Fl(s,é) = H;(s,0) for1/2 < o < 3/4. (36)

Now, substituting w = z — s in (35a) and using (24) for the residue at the
pole z = 1 of R(z), we get after shifting the contour to N,

Hl(S,O)

/* R(2)I'(z —5)C(1 =25+ 2)sinFdz, 2 =1/2+0>1
(2)
— M"(L, 1)1 - 8)C2 — 25) + Gi(s), (1/2 <o < 3/4)

where

Gi(s) :== /J\: R(2)I'(z = 5)C(1 =25+ z)sin T2 dz, (1/2<0<3/4) (37)

z

represents a holomorphic function of s even on 1/2 < ¢ < 3/4, by Lemma 4;
and we recall that NV, = {z =1 — h(y) + iy, —oo < y < co}. Hence we have

Fi(s) =4BI'(1 — 5)C(2 — 25) + G1(s), (1/2<0<3/4,s#1/2). (38)

8 The Limit of Fy(s,0) as § \, 0

Next we study Fa(s,d) given in (34c¢) with (33a,b) for 1/2 < o < 3/4 and § > 0,
where the associated triple integral conv. abs. We keep s and § fixed in the
following unless specified otherwise. Replacing w by w—s in (33a) and inserting
this in (34c) we obtain after an allowed exchange of integrations

*

Fy(s,0) = /( )F(w—s) dw /(3/2) 0 T(1)Ds(w —s,s,7)dr, u=o0—3/4. (39)
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To enable working with abs. conv. integrals we use the fact that

lim e””zF(w) dw exists and equals / F(w) dw
N0 J () ()

if the latter integral exists in the sense of (9); i.e. if it conv. abs. So

Fy(s,0) = h{% eewzf(w - 9)K(w,s,0)dw, uw=0—3/4 (40)
¢ (w)
with

*

K(w,s,0) := / 07 "T(7)Dg(w, s,7)dr, Dg(w,s,7) := Ds(w — s,8,7T).

(3/2)

(40a)
From (33b) follows that Dg(w, s, 7) is for every 7 on £ = ReT = 3/2 a holo-
morphic function of w on the strip: —1/2 = 1 — ¢ < u < 20; then so is
K (w, s,0), [observing the properties of L(7 4+ w, z) and C(w + z — 2s)]. Noting
[cos [£(w — 2)]| < XD and T(z — 5) < [yfr—o2e= 3] as [y] — oo it
follows that Dg(w,s,7) < ezl and also K(w,s,d) < e2*l as [v] — oo in
—1/4<0—-3/4<u<u <20 with uy := o+ 1/8, say. Now we can shift the
contour of the integral in (40) from u = o —3/4 to the right over the pole w = s
of T'(w — s) to u3 = o + 1/8 and obtain

* 1
/ e””QF(w —s)K(w,s,0)dw = — [ same-dw — eeSQK(s, s,0) (for e > 0)
() 271 S (uy)

= / same-dw—ees2F0(s,§), fore >0
(

ul)

the last by (40a), (33b) and (34a). Hence by (40)
F(s,8) := Fy(s,8)+ Fa(s,0)
= h{% eéwzF(w —8)K(w,s,0)dw, w3 =0+1/8. (41)
¢ (u1)

Next substituting 7 = 7/ — w, dr = d7’ in (40a) yields (for u = uy, say)
K(w,s.0) = [ 87D~ wDr(wes,ndr ¢=utsf2 (@)
©

where with (33b)
Dr(w,s,7) = Dg(w,s,7—w)

= /A: L(7,2)I(z — s)C(w + z — 2s) cos [F(w — z)] dz. (43)

By (22) we can write Dr(w, s,7) =: (2(7)Ds(w, s, 7), where Dg is a holomorphic
function of 7 =& +1in on € > 1 — h(n) for every w on v = u; < 20, by Lemma
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3. Using also the estimate of M" (7, z) and (25) we can shift the contour of the
integral in (42) from & = u + 3/2 to the left over the pole 7 =1 of (3(7) to N,
and observing that u1 = o0 +1/8 < 7/8 <1 —h(0) < 1—h(n) <&, [i.e. that
['(t — w) for w on u = uy, remains holomorphic resp. 7 in the region needed for
the shift] we obtain

*

K(w,s,0) = YD (1 — w)Ca(7)Dg(w, 5, 7) dr + 0¥ 'T(1 — w)Dg(w, s,1)

N,
(44)
for w on w = uy; and from (43) by (24)

Ds(w,s,1) = / R(2)T'(z — s)C(w + z — 2s) cos [ 5 (w — 2)] dz. (45)
N
Denoting the integral in (41) as J(s,d,€) and inserting K from (44) yields

J(s,0,¢) = / eE“’QF(w—s)Ko(w,s,(S) dw
(

ul)

+/ 661"25“’_11"(10 —$)I'(1 — w)Ds(w, s, 1) dw
(u1)

for € > 0 with
Ko(w, s,6) := SYTTT(r —w)D7(w,s,7)dr  (u<1—h(0)) (46)
N,
by Lemma 6, since the second integral for J conv. abs.; and even for € = 0, on
account of the two I-factors. Hence from (41)

F(s,0) = 51\21(1) J(s,8,¢) = 51\21(1) Jo(s,6,€) + F5(s,0), (47)
where
Jo(s,0,€) := / eewzF(w —s)Ko(w, s,0)dw, u=wuy,e>0 (48)
(u)
and

F5(s,9) := /(*) ST (w — s)I'(1 — w)Dg(w,s,1)dw, uw=0c+1/8.  (49)

Next upon inserting K from (46) in (48) for e > 0 we have an abs. conv.
iterated integral and may exchange integrations, i.e.

Jo(s,d,¢) = / dT/ OvTT(T — w)e””zf(w — 8)D7(w, s, 7) dw, (50)
N, (u)

where u = 0 +1/8 <1 —Rh(0) < £ for 7 on N;; [noting that ’eew2’ = ecw’—v?)
and by (43), (22) and Lemma 3 that Dy (w, s, 7) < eZ!"l|¢(7)]1log®(2 + |n|) and

18



using (31) say, for justification]. Finally we may shift the contour of the inner
integral in (50) to the right over the pole w = 7 of I'(7 — w) to u = 20 > 1,
observing that Dr(w,s,T) of (43) represents a holomorphic function of w on
u < 20, since then z + w — 2s remains to the left of the pole z =1+ 2s — w of
C(z +w — 2s) as z traverses N,. This yields for € > 0

Jo(s,0,€) = Ji(s,d,¢€) —|—/ 6”21"(7' —8)D7(1,s,7)dr, 1/2<0<3/4 (51)

with
Ji(s,0,€) = / dT/ §YTTT(r — w)e““21"(w — 8)Dr(w, s,7)dw,  (52)
20)
since each of these integrals is abs. conv. indeed, by the estimations noted

below (50). We now need our

Main Lemma lim.\ o f;T e’ T (1 — $)D7(7,5,7) dr eists for 1/2 < o < 3/4
and equals

1

H(S) :% N

D(r—s)dr /* L(7,2)T(z — s)C(1 + z — 2s) cos [ E(w — 2)| dz
z (53)

representing a holomorphic function of s on 1/2 < o < 3/4, which is continuous
also on 1/2 < o < 3/4.

Temporarily deferring the proof of this lemma we use it to infer from (47)
and (51) that

F(s,0) = 11{%‘]1(5,5,6) + H(s) + F3(s,0) for1/2<0<3/4& 6 >0. (54)

9 The Limit of T'(s,d) as d \, 0
Observing the definition of F(s,d) in (41) we finally obtain from (34)
2251y (5,0") = F(s,0)+T(1—s)Fi(s,0), (1/2< 0 <3/4,8 =6/2>0). (55)

For the behavior of Fi(s,d) when ¢ N\, 0 we already have (36) with (38). Again
restricting s to 1/2 < o < 3/4 and setting b := 0 — 1/2 we have from (52)

11{11 Ji(s,0,€) = 6% 11{% dr (51+z T(r — )661“21"(111 — 8)Dr(w, s,7)dz

with w = 20 + z, (the limit exists by the foregoing) and here Re(1 + z — 7) =
1—¢&=h(n) > 0. Since b > 0 this yields

(%1{‘1(1321\1‘%5]1(8,5,6):0 for 1/2 < o < 3/4, (56)

19



for use in (54). Turning to F5(s,d) given in (49) we can shift the contour of the
integral from v = o + 1/8 < 1 to the right over the pole w = 1 of I'(1 — w) to
u =20 =1+42b> 1, since Dg(w, s,1) in (45) is holom. on u < 20, in particular.
So
Fs(s,8) =T(1 — s)Dg(1,5,1) + 52b/ 5T (w — s)T(1 — w)Dg(w, 5,1) dw
(1+2b)

and then
Fs5(s) = %1{% F5(s,9)
= T'(1-s)Ds(1,5,1)=T(1—-s)G1(s) for1/2 <o <3/4, (57)
the last by comparing (45) for w = 1 with (37). Now from (54) to (57) follows

22Ty (5,0) = H(s)+ F3(s) +T(1—s)Fi(s) (1/2<0 < 3/4)
4BoT%(1 — 8)C(2 — 28) + 2T'(1 — 8)G4(s) + H(s). (58)

10 Proof of Theorem 1

Returning to T'(s,d) of (11) we obtain from (19) for § = 0 and by (58) & (17)

T(s,0) = Ti(s,0) — To(s,0) + %A(S,O)
= 217 BoI*(1—5)C(2 — 25) + 27 T(1 — 5)Ga(s) + 277> H{(s)
—283_2 - B(2s) + %A(S,O), (1/2 < o < 3/4) (59)

and here by Lemma 4 the term containing C'(2 — 2s) has a pole at s = 1/2
with principal part 2Bs/(2s — 1), G1(s) defined in (37) is holomorphic even on
1/2 < 0 < 3/4, H(s) defined in (53) is holomorphic on 1/2 < ¢ < 3/4 and
continuous on 1/2 < ¢ < 3/4, B(2s) defined in (17) is holomorphic on o > 1/2
and A(s,0) = 37*log? 3 from (13). Hence we can rewrite (59) as

By
25 —1
where F'(s) is holomorphic on 1/2 < o < 3/4 and continuous on 1/2 < o < 3/4.
Next, by (1) and (12), for o > 1 at first,

T(s,0) =

+F(s), (1/2<0<3/4) (59

f(s):==T(s/2,0)=T(s) = ZA(n—1)A(n+1)n*S (1—-n"27/2 1], (60)

n>3

and this series conv. abs. for 0 > —1 and thus represents a holomorphic function
there. Finally (60) and (59’) yield

Ty(s) = T(s) — S’in = F(s/2) — f(s) for1<o<3/2, (61)

and this represents a continuous function of s also on ¢ = 1, in particular,
thereby completing the proof of Theorem 1.
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11 Proof of the Main Result

Theorem 1 supplies the prerequisites for an application of the complex Tauberian
theorem of N. Wiener and S. Tkehara to T'(s) of (1). Setting

Y An-1DAn+1) (x>4), T*(x):=0 (z<4) (62)
3<n<lx

we have by partial summation

T(s) = 5/ T*(z)z~* ' da = S/ e "T*(e")du  for o > 1,
1 0

and T*(z) is non-negative and non-decreasing for increasing x > 1. Now the
Wiener-Tkehara Theorem [7,p.233] or [2,p.481] and Theorem 1 imply

T*(x) = Box + o(z) as x — oo; i.e. lim, o 27 1T*(2) = Bas. (63)

For 3 <n < N and N > 5 we note that A(n —1)A(n+1) # 0 only if n — 1 = p*
& n+ 1 = ¢* with odd primes p & ¢ and k, ¢ in Z*, and then p* < N and
¢ < N+1imply p< N,k <logN,and ¢ < N +1, ¢ < logN. So from (62)
for N > 5

T*(N) = Z Zlogplogq = Z Z logplogg + R(N), (64)

k21 p.q p<N 21,
8<pF+¢*<2N, ¢t —pF=2

where p & ¢ stand for odd primes and

R(N) := ZZlogplogq + ZZlogplogq

£>1 p,q k>1 p,q
q"<N+1,p=¢*—2 £>1 pP<N, ¢t =p*+2
< (logN)P? > > 1+ > > 1] <N'Y2(logN)%. (64a)
0>2 g¢!<N+1 k>2 pk<N

Now (63), (64) and (64a) yield our main result; i.e.

Theorem 2

TQ(N) = Zlogp]og(p+2) :BQN+O(N) as N — oo.

p<N
p& p + 2 both prime

12 Proof of the Main Lemma

We have still to prove the Main Lemma (used without proof in the derivation
of Theorem 1). To this end we shall prove the existence (i.e. conditional con-
vergence) of the iterated integral in (53) and, setting

J(s,€) ::/ e€w2f(w—s)D7(w,s,w)dw for1/2<o0<3/4& €>0, (65)
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that J(s,e) — H(s) as € — 0, and that H(s) has the properties stated under
(53). From here on we fix s and e and sometimes omit s from the notation.
Now

1

T o

I(s,€) /O e bw) do + % /0 " T () dv = Ji(€) + ha(e), (> 0)

(66)

b(v) :=T(w — s)D7(w, s,w) on w=w{):=1—h(®)+1iv; (i.e. won Ny)
(66a)
h(—v) = h(v) as in (23), and D7 is given in (43) with 7 replaced by w; and so,
using also (22)

D7(’LU, S, ’LU) = CQ(U))D(U)),

D(w) := /* M"(w, 2)¢(2)T(z — 8)C(w + 2 — 2s) cos [5(w — 2)] dz(66b)

z

1. At first we assume (and prove later) that
/000 b(v) dv =: 2w J;(0) and /000 b(—v)dv =: 2 J2(0) both exist.  (A*)
Setting
E(v,e) := eV’ = e eV Ut =2 hng B(z) := /Om b(v)dv for w = w(v)
we have
/01 E(v,e)b(v)dv = FE(z,€)B(x)— /Om E'(v,€)B(v) dv,
/Oz E'(v,e)dv = E(z,¢) — E(0,¢);
and so
/0 ' e b(v) dv — E(0, €)B(co) =
E(z,€)[B(x) — B(oo)] + /Oz E'(v,€)[B(o0) — B(v)] dv (67)
with B(co) = 27J1(0). Also, forv>0,0<e<land0<a<z
|E(v,e)] < et < e and

/m |E' (v, €)| dv < 2e /Ooo e (1+v)(1 = K (v))dv=0(1) as e\, 0.
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Therefore each term on the right hand side of (67) converges as * — oo, and
even uniformly for € in [0, 1]. Hence (67) for = oo yields

lim eéwzb(v) dv = E(0,0)B(c0) = 27J1(0);

e\ 0
ie. Ji(e) — J1(0), and likewise Ja(e) — J2(0) as e — 0, and so by (66) and
(66a)

. 1 [ 1
2{% J(s,€) = Py / b(v) dv = 5 . I'(w — 8)D7(w, s,w)dw = H(s), (68)

— 00

the last by (43) and (53) with 7 replaced by w. Thus, the assumption A* [which
is equivalent to assuming existence of the integral H(s)], implies with (65) that
J(s,€) — H(s) as e — 0.

2. We turn to proving the validity of A*. For this by (66a,b) we need a more
detailed description of D(w). From (7a,b,c)

M"(w,z) = f"(w)By + f'(w)By + f(w)Ba, f(w):= (" (w), By = Bk(w,(z),)
69
where

By = Pf(2), By := 2Pf'(z) + 2P'f(2), By := P"(2) + 2P'f'(z) + P f(2)

(69a)
with
P =P(w,z) from (6), P’ := i—i-g P(w,z) and
N ’ ’ T\ ow 0z ’
A
P’ = (811) + 5 P(w,z). (69b)
Setting
Q = Q(w,zs)

= G(2)T(z— s)C(w+ 2 —2s)cos [3(w —2)], (1/2<0<3/4) (70)

we get from (66b) and (69)

D(w) = f(w) / BoQdz + f'(w) / BiQds + " (w) / ByQd: on N,

=: Do(w) + D1 (w) + Da(w) with Dy(w) := f®) (w)Jo_p(w), say. (71)

To prove A* it suffices to show convergence of the integrals

Jp i— N INw — ) (w)Di(w)dw (k=0,1,2; 1/2 <o < 3/4), (71a)
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since this by (66a,b) and (71) implies the existence of H(s). To estimate Dy (w)
on N, we observe that (as in the proof of Lemma 3) P, P’ and P” of (69b) are
abs. bounded on N,, x N, and that

f(2), f'(z) and f"(2) < h*(y) on N, and so By < h™>(y)

by (69a). Then by (71), using (31) and (10) to estimate @ of (70) on N,, x N,

Dy (w) < h_3(v)/ A3 ())|Q(w, 23 8)| dy < e21PIh=3(v) for [u] > 1 (71D)

z

similar to the derivation of (32), for £k = 0,1,2. Then, again by (10) and (31),

D(w — 8)Co(w) Dy (w) < (1+ |v—t))" 722 + |v|)4h(”)/loghfl(”)log4(2 + |v|)
< (2 + |U|)7h(v)[175/ loglog(2+\v|)]e4loglog(2+\v|)

< e—ellog(2+)]'/® log(2 + [v])] ™%, (on N,) (72)
say, for |v| > 1 (and fixed s) and k = 0,1, 2. This shows a rather weak decay of
the integrand of J}; and indicates that the oscillatory behavior of the integrand
also needs to be exploited for the convergence proof of J.

3. It is known that (for fixed s = o + it and 1/4 < 0 < 3/4 < u < 5/4, say)
argD(w — s) = (v —t)logv — v + g(u —0—1/2)+0@w™) asv>1. (73)

Next we observe that

=2V w ’wz—w—éw:—w log2 C—/w
Q)W) =2, G)f ) = -2"Sw) = -2 (522 + Sw).

o) ) = 2 [C—wﬂ Pt [g—ﬁw]/ & Sw) = 2() - S(w), (10
where
S(w) = %% (1+5) b+ ﬁ & Z(w) =Y <wL_p + %) . (T4a)

(cf. H, p. 31). We shall use (74) and (71) to decompose the integrals of (71a)
for k = 1 & 2; since it seems difficult to derive useful estimates of i (v) =
arg f®) (w) and v}, (v) for w on N,,; while J§ can be treated directly. But first
we consider

So(w) == S(w) — 2282 5o that L(w) = Z(w) — So(w).  (75)
2w -1 Co
Now ,
1%(2)2L0g2+0(|2|_1) as |z| wc0oinx >0 (76)
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yields
2S5p(w) =log |2 + w| +iarg(2 + w) + O(1) as |v]| — 00 & u > 1/2; (77)

ie.
1
ReSo(w) > £ log(4 +v?) and argSp(w) = O(1) for |v] > 1.
Also, since we may differentiate in (76), S{(w) = O(1) here, by (75). Now if,

for example, log f(2) = U +iV, V = arg f(z), (where f(z) is holomorphic and
log f(z) is defined) then for the partial derivatives

Ur +iVe = f'(2)/f(2) and V, =Us; so [Val, [Vy| < |f'(2)/f(2)I.
Applying this with f = Sy and taking w =1 — h(v) 4+ iv = w(v) we obtain

ap(v) :=arg So(w) = O(1) and af(v) =o(1) on N, as |v| — oco. (78)

Next we consider Z(w) in the region u > 1 — 3h(v), where it is holomorphic,

C/
¢

(cf. the proof of Lemma 3) and Z(w) = Z(w). Also, with p = 3 + iy

%eZ(w)—Z<ﬁ+i>ZZ%_:bl>O foru>1.  (80)
P

2
p ol

Z(w) = S(w) + > (w) < logv+ k™~ (v) < logv for v > vy > 20, (79)

Using that here 8 < 1 — 3h(v) for the zeros p of {(w) we remark that

14 < |y| < v* with a = 3/2 implies log(2 + |7y]) < alog(2 + v);
i.e. h(v) < a*°h(y) < ah(y) and 1 — 3h(y) < 1 — 2h(v).

Thus, if uw > 1 —2h(v) and |y| < v*, then v — 8 > 0 and hence

Zm D I D D NN RV R N

Kol Uil e Gl O
Now
Z(U—v)_z = Z Z —v) 2<AZ’U +n —v) ?log(v® +n)
y>ve n=0 vo4n<y<vetntl n=0
< A {(va —v) 2 logv® + /Oo(v“ — v+ ) ?log(v® + x) da
< 3A(W* —v) togv® < 6/011)7“ log v,
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(cf. [4, p. 184, say) and similarly

Z (v—y)= Z (v—7)"2= Z (v +v)"% < 5Av" "logv.

y<—ve —y>v® y>ve

Hence with (80) and (81)

ReZ(w) > by — 2h(v) Y (v—7)"2 > by — 22Ah(v)v *logv > by > 0
[v[>ve
for u > 1 — 2h(v) and v > vy, say. (82)

For T > vy +1let wy =1—h(T)+iT = w(T) on N,,. Then by (82)
1
|Z(w1)] > by and Z(w) #0 in |Jw—w| < §h(T)’
also Z(w) is holomorphic there and by (79) (with a generic constant A)

A
|Z(w)| < AlogT; hence |Z'(w1)/Z(w1)| < 4h™(T)log (b_ 1ogT>
2

by a standard lemma (see Prachar [3], p. 383, Satz 4.3). Defining
a(v) == arg Z(w) for w=w), v>0 (83a)

by continuous variation along N,, (taking possible zeros of Z(w) for 0 < v < vy
into account as usual) we obtain by (82) and the above (replacing T by v)

a(v) =0(1) and o (v) < h™*(v)loglogv as v — oo. (83b)

4. Using (71), (74) and (75) we obtain formally (i.e. disregarding convergence)
the following representations of the three integrals in (71a)

J§ = I(w — 5)2% Ja(w) dw,

Ny
JP = I(w — 5)2"So(w)J1 (w) dw — / D(w—5)2YZ(w)J; (w) dw, (84a)
N, w
Jy = T'(w — 8)2% Sz (w)Jo(w) dw — 2/ I(w — 5)2" Sy (w) Z(w)Jo(w) dw
N, w
+/ D(w — 8)2* Z%(w)Jo(w) dw — J§ (say), (84b)
where
J; = /Nf(w —5)2% E—g(w)] Jo(w)dw — — . [T(w — 5)2% Jo(w)]’ g—g(w)dw

— / [T(w — 5)2%Jo(w)]" So(w)dw —/ [C(w — 5)2% Jo(w)]" Z(w)dw, (84c)
N

w Ny
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noting that

lim  D(w—s)2"Jo(w)Gh(w) /Gow) = 0, by (72).

w=w(v)—=*ico

To show the actual existence of J}, (k =0, 1,2) it suffices to prove convergence
of every integral appearing in (84a,b,c). For this we still need to study the Jj(w)
defined in (71) using (69a,b); where for P(w, z) we now use

P=Pwz) =Y pn)g(nwygn,z),
g(n,z) = H(pz -7 (x>0, utx>1) (85)

pln

from (5). Then

g(n.2)| =n [ 1-p* T <o [[(A-p™) ' <n ] [(1-37") " =077
pln pln

pln

where b = (1-37%)"! > 1 and r is the number of primes dividing n. The Prime
Number Theorem yields r < clogm/ loglogm, if m is the product of the first r
primes. Thus m < n and for z > ¢ >0

|g(n, Z)| < nfzbclogn/ loglogn __ nferclog b/ loglogn < nfero(l) as 1 — 0o.
(85a)
This implies that the series in (85) conv. abs. & uniformly resp. (v,y) in R?, if
u>1/2 & x > 3/4 say, (where it is used in the following) and that P’ and P”
of (69b) can be similarly represented by termwise differentiating the series for
P.

We obtain from (71), (69a) and (85) by allowed termwise integration

Jo(w) = N ByQdz = /* P(w,2)f(2)Qdz = Z*u(n)g(n,w)qo(n,w;s)
(86)

n

qo(n,w; s) := /* g(n,2)f(2)Q(w, z;8)dz  on N, (86a)

z

and with @ from (70), observing (85a) and that 7/8 < x < 1 on N,. Also from
(85) g(1,2) =1, ¢'(1,2) = ¢""(1,2) = 0, and for odd n > 1

Gn,2) = —gln,2) 3 —2EL

1—p*’
pln
2 2
log p p “log”p
9"(n,z) = g(n,z) Z — | t Z T g | (87)
cl-p o (1-p2)
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i.e. for z > z9 > 0 and n > 1, as in the derivation of (85a)

|g/(n,z)| < n=%pr Tt logn < n—ac-l—o(l)7
lg" (n,2)] < n*zbr+2[1+3—m]1og2n < pooto()), (87a)

From (71) and (69a) also

nw) = 2 C(PF() + PA)Q e,

N

/]\: (Pf"(z)+2P'f'(2) + P" f(2))Q dz;

JQ(’U})

and with (69b) and (85) we obtain by termwise integration

k
Je(w) = e 3 u(m) (;‘f)g%,w)qk_j (n,w;5),

§=0
er = <2>, (k=0,1,2) (88)
with
qr(n,w; ) := /]\: [g(n,z)f(z)](k)Q(w,z; s)dz on Ny, (1/2<0 < 3/4); (88a)

justified by (85a) and (87a) for 1/2 < u < 1, say; and including (86). Here we
insert @ from (70), split the cosine and obtain with C'(w) from Lemma 4

irtw

qr(n,w; s) = w257 {e T g (nyw;s) +e”

itw

2 qy (n,w; s) (89)

with

1 (" inz ~
gi; (n,w; ) = 5 / T2 lg(n, 2)f(2)] M2 (2)eTF (2 = 5)0(z + w — 28) dz,
N
(89a)
and correspondingly from (88)

iTw iTw

Jp(w) = 725w [e T (w) + e 2 T (w)| on N, (k=0,1,2)  (90)

with
k

JE(w) = e Z <I;> Zou(n)g(j) (n,w)q,f_j (n,w;s), (1/2 <0 <3/4). (90a)

=0
We obtain from (89a) by (85a), (87a), (74) and Lemma 4

g (nw;s) < n‘”s/ WRE@) A+ 1y —t) "W+ |y +v—2t) 2h T (y) dy

< n’ﬁs/ 1+ )2 dy <n™ /% wnif on1/2<u<1; (91)

o0
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and from the form of C’(w) follows that also
g5 (n,w; s)]" < n~ 7% unif. on 1/2 < u < 1. (91a)
There from (90a) and (87a) for k =0,1,2
JE(w) & [T (w)] < Zon*““”/g < A on N, (92)
k

the respective series converging abs. & unif. there, since 7/8 < u < 1 on N,,.

5. To circumvent the difficulty of deriving useful estimates for arg J,;t (w) and
its derivative along N,,, we plan to use the series of (90a) in (90) and (84a,b)
and prove the existence of the infinite integrals there by justifying termwise
integration. This requires besides (85a), (87a) and (91) only a determination of
arg gV) (n,w) & arg q]i (n,w;s), (7 =0,1,2) and their derivatives on N,,.

Let again n > 3 be odd & squarefree and w = w(v) = 1 — h(v) +iv, (v 2 0)
on Ny,. Then u > 7/8; and by (85) for the principal branch of the logarithms

log g(n,w) + wlogn = — Zlog(l —p ¥) < rlogby, (r:= Z 1)
pln pln

uniformly on u > 3/4, where r < clogn/loglogn [as for (85a)] and

bo = (1 -373/*)"1 <2

since
1
[log(1 — Z E = —log(1 —p~*) <log(l —37*)~* < logbo.
Also
p~“logp w
lg'(n,w)/g(n,w) +logn| = 1_7g bo ZP logp
pln
< Zp_1/2 < Zj_1/2 <2r'/2 onu > 3/4.
pln i=1
Hence we obtain for
B(v) = B(n,v) := argg(n,w) on N, with 3(n,0):=0 (93)

that

|B(v) +vlogn| <7 & |8 (v) +logn| < 2r'/2, r < clogn/loglogn, (n>>1).
(93a)
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Next by (87) for j = 1,2

Bj(v) := arg [(—1)jg(j) (n,w)} = B(v) + arg S;(n,w) on w = w(v) (94)

with

For v = 0 we have Sj(n,u) > 0 and arg.S;(n,u) = 0; (u > 0). Next
larg(1 —p~™)| < [log(1 —p~®)| <logby < 0.6 < /5, (u>3/4)

and

(L+p ™)t > -(1+33M"1>1)2

Re(l—p ) 1> |1 —p ™! cosg >

(SRR
(SRR

hence

1
|arg Si(n,w)| < w/5 and |Si(n,w)| > ReSi(n,w) > glogn on u > 3/4.

(95a)
Also
|51 (n,w)| < ngp_“ log? p < Zp_“ < ij_“ <rttr< %(logn)l/2
pln pln J=1
(95Db)
with @ = 1/2 < uw — 1/4 (say) and r as before. Thus |S](n,w)/S1(n,w)| <

(logn)~/? and by (94)

1B1(v)—B(W)| < 7/5 & |B,(v)—B'(v)| < (logn)™? for n>1 & v in R. (96)

Next, by (95a)

2T

|arg ST (n,w)| < 27/5, ReS7(n,w) > |S?(n,w)|cos 3

L. o
> Elog n
and so by (94a) & (95b) for n > 1
1 1
|S2(n, w)| > ReSa(n, w) > I log?n — (logn)'/? > e log® . (97)

Also, similar to (95b)

L+p™" o —u
Sy (n,w) = Z mp log® p < 2b) Zp log® p < r'/2 < (logn)'/?
pln

(98)
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for n>>1 & u > 3/4. Now from (94a)

1S3(n,w)] - < 2|81 (n, w) S (n,w)| + 157 (n, w)|
< 2bglogn - /% + (logn)'/? < 5r'/%logn

by (95b) & (98), and then by (97) |S5(n,w)/Sa(n,w)| < (logn)~/2 for n > 1
& u > 3/4, since r < logn/loglogn. Finally by (94) and (97)

1B2(v) = B(w)| < 7/2 & |By(v)—B'(v)| < (logn)~? for n>1 & v in R. (99)

6. Turning to the functions in (89a) we write generically

q(w) == g (n,w;s) = J\: Q(2)C(z+w—28)dz and ¢(v) := q(w(v)) (100)

Q=) = Qf(n,7:5) 1= g7 lg(n, ) f () V()" T Tz — ), (100a)

where s isin 1/2 < o < 3/4 as always. By (91) we already have §(v) = O(1) as
|v] = co. To study arg G(v) we consider

(j(v)—q(u)z/]: QR)[C(z+w—2s)—C(z+u—2s)]dz, u=1—h(v). (101)

Here by Lemma 4

(iﬂ.)Qn

(2n)!

[—] = 2iv[(1-z—w+2s)(1—z—u+2s)] ' +ivH [(2n+Z—w)(2n+z—u)]~?
n=1

(101a)
with Z = 1 — z + 2s for shorter notation. Now |Q(z)| < Alog™*(3 + |y|) on N,
certainly, and integrating termwise (justified by abs. conv.) we get

d(v) = q(u) + 2ivAg(v) + iv Z_:l ((1;1; A (), (102)
where
An(v) = ) Q()[2n+2—w)2n+2—u) 'dz on N,. (102a)

N,

Since Re(Z —u) = Re(Z2 —w) =1 -2z +20 —u > h(y) + h(v) > 0 on N, for
every w = w(v) and s in 1/2 < o < 3/4, we find that

E,(v) :—/]:[(Zn—l—é—w)(Zn—FZ—u)]ldz—() forn >0 & w = w(v).
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Therefore with any constant K

*

A (v) = K En(0)+An(v) = /N (K +Q(2)][(2n+3—w)(2n+3—u)] " dz; (102b)

and for instance

eilwi (y,v)+wo(y,v)]

Aov) = o= [ TE+Q(2)]

d =1-h i
27 J oo (I-—z-—w+2s)1—z—ut2s) 7 (y)+iy

(103)
where
w1(y,v) := arctan[(y + v — 2t)/N] & wo(y,v) := arctan|[(y — 2t)/N]
with N := 20 — 1+ h(y) + h(v) > 0 are both in (—7/2,7/2) (103a)
for every v in R. Taking K = 8A4 (say), so that K~1|Q(z)| < 1/8 in (102b) and

(103), yields |arg A, (v)| < 27 (amply) for every n > 0 and v in R. Also, each
integral in (102a) represents a holomorphic function of w on N,,, and

oo

2
[(2n + |y +v))(2n + y))] " dy < - and A, (v) <n™? (n>0)

A, (v) <€ /

— 00

uniformly on N,,. Thus the series in (102) conv. abs. and unif. on R and so
does the termwise differentiated series. Setting

P(v) :=argq(v) for v=20 with —7 <argg(0) <m, (104)

we obtain from (102) and the foregoing (by geometric addition of the vectors
2n

(—1)"%1471(1}) in C, say) that

P(v) =0(1) and 9¥'(v) = O(1) as |v] — oc; (104a)

the last also since ¢'(v)/G(v) = O(1) for v — +o0, as implied by differentiating
in (102). We still need to consider [for Jj(w) in (84c) by (90a)]

Y1 (v) = arglgi (n, w; s)]" on N, with —7 < 1 (0) < 7. (105)

This amounts to dealing with
q (w) = / Q(2)C'(z +w —2s)dz on N, (100Db)
N

in the notation of (100) & (100a) for k = 0. Calculating ¢'(w) — ¢’(u) (f.i. by
differentiating in (101a) by z) we obtain analogues of (102) and (102b) etc., and
again these lead to

P1(v) = O(1) and ¥} (v) =O(1) as |v| — . (105a)

We note that the estimates in (104a) & (105a) are uniform regarding the pa-
rameter n occurring in (100) & (105).
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7. We return to proving convergence of the infinite integrals in (84a,b,c). Since
the proof is substantially the same for all these integrals, we consider just the
second integral in (84b) as a model case and write

Jog 1— [(w — $)2%So(w)Z (w)Jo(w) dw =: / Foo(w)Jo(w) dw say,
Ny w

(106a)
and
T T
—1J5 = Tlim Fao(w)Jo(w) dv + Tlim Foy(w)Jo(w) dv with w = w(v),
(106b)

if the limits exist. By (90)

T T r
7725/0 Fyo(w)Jo(w) dv —/0 Fob (w) g (w) dv—!—/o Fip(w)Jy (w) dv, w = w(v)

and by (90a) & (92)

T . T
/0 FE(w)JE w)do = 3" u(n) / F5(w)g(n, w)g (n,w;s)dv,  (107b)

where

Fa(w) :=T(w — 5)2¥So(w) Z(w) & Fi = Fgg(w)w_weiigw, (107c¢)

and s is in 1/2 < 0 < 3/4 as always. Rewriting the last integrals in (107b) as

T
JE(n,T) = / r(n,v)e ™) do, (n odd & squarefree) (108)
0
with
r(n,v) := |F2i2(w)g(n,w)q3[ (n,w;s)| &
o(n,v) = arg F2i2(w) + B(v) +¢¥(v) on N, (108a)

using (93) and (100) & (104); we have by (85a) & (91) and by (77) & (79)

r(n,v) < nT4eF |D(w — 5)So(w)Z(w)|
< A4 o — )T 1og? (2 + v)
< = 7/4o—cllog(24v)]'/° 1og2(2 + ),
uniformly for n > 1 & v > 1. (109)

Also, from (108a) & (107c) and with (78) & (83a)

6(n,v) = (v) — vlog T + = + ao(v) + a(v) + B(v) + (o), (110)
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where
v(v) :=argT(w — s) on w = w(v) is given in (73). (110a)

Additionally, by (78) for «f, (83b) for o, (93a) for 8’ and (104a) for ¢’

¢'(n,v) = logv—0(1) —o(1) — O(h~*(v)loglogv) — logn — o([log n]'/?)
= [1-0([log v]*l/ﬁ)} logv — [1 + O([log n]*l/ﬂ logn  (111)

for n > 1 & v > 1, and the O-estimates are uniform in n & v. This shows
that ¢(n,v) is dominated by v(v) and that ¢'(n,v) for v > 1 is monotonically
increasing and so equals zero at most once, say at v*; where v* = n't*(") with
v(n) = O([logn]~/6) as n — oo.

Next we need lower bounds for |¢’(n, v)| away from v*. Let v; = v*(1—4) and
vy = v*(1 + 0) with § = (v*)~1/? < 1/2. Taking Ny > 1 such that for n > Ny
& v1 < v < wy the O-terms in (111) are less than 1/4 and also v(n) < 1/4, we
obtain from (111) in simplified notation, since ¢'(n,v*) =0

¢ (n,v1) = (1 — O1)logv* + (1 — O1)log(1 —6) — (1 +0O)logn < 0;

i.e.
¢/ (n,00)] > 3/log(1 — 5)| > 25, v =v"(1 - b); (1120)
and
' (nyv2) = (1—=02)logv* + (1 —02)log(l+4d)— (1+0O)logn
> %log(l +6) > %5, vs = v*(1+4), (112b)
where

v*0 = (v*)/2 <n®® and n > Ny > 1, (Np an absolute const.).  (112c)

For n < Ng and v > N§ say, we obtain from (111), if Ny is sufficiently large,

3 ) 1
@' (n,v) > 1 log N — O(1) — 1 log Ny > 3 log No;

ie.
¢ (n,v) >1 for 3<n < Ny & v > N§. (113)

The preceding holds for ¢(n,v) of (108a) with odd squarefree n and yields

Lemma 7 Let vy = %NO and © > NZ with a suitable constant No. Then

/ () gy
vo

< N2 +220°/8 ) if u(2n) #0. (114)
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Proof: First let n < Ny. Writing ¢ = ¢(v) = é(n, v) we have

v .
/ e dv
vo

v .
/ e dv
a

1 -
<NG —wvo+ §N3—5N0+K say, with a = N¢

and

/Ucos¢dv = /U ﬁcosﬂv) ¢’ (v) dv
1

= 7@ [sinp(b) —sing(a)], (a<b<0)
by the second mean-value theorem, since here ¢/ (v) > 0 by (113) and ¢’ increases
by (111). The same argument works for the sine-integral and so K < 4 (for all
o> Ng), since ¢/(a) = ¢'(n, Ng) > 1. Now let n > Ny. Then vy < NO—NOI/2 <
n—n'? < v* — (v*)/2 = vy of (112a), and ¢'(v) = ¢'(n,v) remains negative,
but increases as v varies from vy to v; and so does 1/|¢’'(v)|. Considering for
7 =0,1,2 and with vg = 00

Kj(x) := / W dy for v; <z <wvjyi, Kj(z):=0 elsewhere,

J

we obtain by the second mean-value theorem

t -l ! -1 sin ¢(vg) — sin ¢(z
Rekofe) = [ s cono0)6/(e) do = s ino(oo) — sina)

and so by (112a)

2
9" (v1)]

by (112¢). Since ¢'(v) > 0 for v > vy and 1/¢'(v) decreases with increasing v,
we obtain similarly and with (112b)

|ReKo(z)| < < 467" and then |Ky(z)| <85~ ! < 8n®/®

4
| Ky (z)] < 5o <1207 < 12n%8. Clearly |Ki(z)| < vy —v; < 2n°/%,
Now )
[0 o] < o(wn)] + 1K) + [Ka(o)] < 2207
vo
completing the proof of Lemma 7. O

We also employ

Lemma 8 Let r(v) and p(v) of class C*(vg,00), 0 < 7(v) < p(v) and p'(v) <0
for v > vy =1 No; and let ¢(v) in C°(vy,00) be such that

/ ™) dy / r(v)e' ™) dy
v

T

< K forx > Ng. Then <4Kp(T) (115)
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whenever x > T > Ng. Especially, if also p(v) — 0 as v — oo, then

J(T) == / r(v)e?W) dv exists and |J(T)| < 4K p(T). (116)
T

Proof: We have for x > T

/m T(v)ei¢(v) dv = r(z)x(z) - /

T T

x

P (0)x(w) dv with y(z) = / £90) .
T

(117)
Also

T T
x(x) = / e ) dy —/ e dy yields |x(z)| < 2K, if T > NZ.

Vo Vo

We introduce for v > N¢

=g J =0t e 0 = { o o)

where C* resp. C' stands for r'(v) < 0 resp, r'(v) > 0. Then
r(v) = ro(v) —r1(v) + r2(v) and rj(v) >0, r}(v) <0 forj=0,1,2.

Replacing r(v) by r;(v) in (117) yields

/ 7§ (v)ei¢(”) dv

T

< n@h@l+ [ e el
< 9K <rj(x)_ /Twrg-(v)dv> — 2Kry(T),

and so

/ r(v)el?®) dy

T

<2K Y rj(T) <4Kp(T) forz > T.

8. Considering again the integral in (108) we note that by (109)
r(n,v) < p(v) = p(n,v) := An""/*[log(2 + v)]™*, A =const. (118)

say. Using Lemma 8 with r(v) = r(n,v) and K = K(n) := NZ + 22n%/8 by
Lemma 7, we infer for T > NZ that the complementary integral

J(n,T) = / r(n,v)e! ™) dy exists and | J(n, T)| < 4K (n)p(n,T). (119)
T

From (107b) with the notation of (108) we now obtain

T
Afﬁmﬁww—z

n

[e]

wu(n) {/OOO r(n, )™ dy — J(n,T)|, (120a)
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and

Z"m(n)j(n, T) < 4Aflog(2+T)]™* > (NG +22n°/%)n~7/*

n n>0

< Aflog2+T)]™* =0 as T — oo. (120b)

Hence the limits

T ° [eS)
lim/o Fﬁ(w)J&(w)dv:; u(n)/o F5(w)g(n, w)gi (n,w; s)dv (121)

T—o0

exist, and then by (107a) the first limit in (106b) exists and so does the second
limit there, by an analogous calculation; i.e. J3, = Jiy(s) actually exists.

Regarding the dependence on the parameter s, which we often omitted in our
notation, we remark that s appears only in the arguments of analytic functions
and that the estimates used in the preceding convergence proof are uniform for
sonl1/2<o<3/4& |t| <T and arbitrary T' > 1. Hence J3,(s) is continuous
there and holomorphic on 1/2 < o < 3/4.

It is visible that the first and the third integral in (84b), denoted by J3; and
J35 say, can be treated the same way as J3, following (106a,b). This yields the
existence of

JE = T — 20 T — T with JF = J5 — J5 (122)

by (84c), since for instance the last integral there becomes
FI
T = / Dw = $)2° Z(w)Jo w) | (w — 5) +log2| du

+/ Iw — $)2Y Z(w) J}(w) dw, (123)
N
and here the first integral exists by (76) and comparison with J3; in (84b),
while the second integral exists using (91a), (105) & (105a) and arguing as
for J3, above. The next to last integral J3; in (84c) exists similarly. Finally,
convergence of the integrals J§ and J; of (84a) follows with (90) & (90a) for
k =2 & 1 in the same way as for J3,, using (87a), (96) and (99) additionally,
to establish the crucial estimates corresponding to (109) & (111).

This completes the proof of convergence of the integrals J; = Ji(s), (k =
0,1,2) in (71a) and implies their continuity and holomorphy, as for J3, above.
By the remarks surrounding (71a) we have thereby proven our assumption A*
and the existence of the iterated integral H(s) in (53); which implies with (65)
that lim._,0 J(s,e) = H(s) for s in 1/2 < o < 3/4, as we have seen. Since
now we have 2miH (s) = J3(s) + Ji(s) + J5(s), H(s) also is holomorphic on
1/2 < 0 < 3/4 and continuous on 1/2 < ¢ < 3/4; i.e. our proof of the Main
Lemma is complete; and in conclusion, Theorems 1 & 2 are validated.
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